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. , $F(x)$ ,
$F(z)= \frac{z\log z}{2m}-\frac{z}{2m}+A_{1}(\frac{m}{z})+A_{2}(\frac{m}{z})^{3}+A_{3}(\frac{m}{z})^{5}+\cdots+A_{k}(\frac{m}{z})^{2k-1}+\cdots$ ,
, $A_{1}$ , $A_{2}$ , $A_{3},$ $\cdots$ ,
$- \frac{1}{3(4)}$ $=$ $(\begin{array}{l}1l\end{array})A_{1}$ ,
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$- \frac{I}{5(8)}$ $=$ $(\begin{array}{l}33\end{array})A_{1}+(\begin{array}{l}3l\end{array})A_{2}$ ,
$- \frac{1}{7(12)}$ $=$ $(\begin{array}{l}55\end{array})A_{1}+(\begin{array}{l}53\end{array})A_{2}+(\begin{array}{l}51\end{array})A_{3}$,
:
$- \frac{1}{(2k+1)(4k)}$ $=$ $(\begin{array}{ll}2k -l2k -1\end{array})A_{1}+(2k -13)A_{2}+\cdots+(2k -11)A_{k}$ ,
,
$A_{1}=- \frac{1}{12}$ , $A_{2}= \frac{7}{360}$ , $A_{3}=- \frac{31\prime}{1260},$ $\cdots,$ $A_{k}=- \frac{(-1)^{k}(2^{2k-1}-1)B_{k}}{(2k-1)(2k)},$ $\cdots$ ,
. $B_{k}(k=1,2,3, \cdots)$ Bernoulli $n=1000$ , $z=1000.5$ , $x=$
$m=0.5$ , ,
$\log_{10}n!=2567.6046442221\cdots$
, $F(1000+ \frac{1}{2})$ 4 , ,
2567.2055542879 $\cdots$ ,
$\frac{1}{2}\log_{10}2\pi=0.399089934179$ . . .
, 2.567.6046442221 $\cdots$ 19
.
,
$\log n!\approx(n+\frac{1}{2})\log n-(n+\frac{1}{2})+\frac{1}{2}\log 2\pi-\frac{1}{12\cdot 2(n+\frac{1}{2})}+\frac{7}{360\cdot 2^{3}(n+\frac{1}{2})^{3}}-\frac{31}{1260\cdot 2^{5}(n+\frac{1}{2})^{5}}+\cdots$ ,
. Stirling ,
$\log n!\approx(n+\frac{1}{2})\log n-n+\frac{1}{2}\log 2\pi+\frac{1}{12n}-\frac{1}{360n^{3}}+\frac{1}{1260n^{5}}+\cdots$ ,
,
$\log(n+\frac{1}{2})=\log n+\log(1+\frac{1}{2n})$ , $(n+ \frac{1}{2})^{-1}=n^{-1}(\sum_{k-\triangleleft}^{\infty}(-1)^{k}(\frac{1}{2n})^{k}),$ $\ldots$








$G(z)= \frac{(z+m)\log z}{2rn}-\frac{z}{2m}+\frac{B_{1}}{2\cdot 1}(\frac{2m}{z})-\frac{B_{2}}{4\cdot 3}(\frac{2m}{z})^{3}+\frac{B_{3}}{6\cdot 5}(\frac{2m}{z})^{5}+\cdots$ ,
, , $G(x)$ , .
$B_{k}(k=1,2,3, \cdots)$ Bernoulli o
$(2n +12)B_{1}-(2n +14)B_{2}+ \cdots+(-1)^{n-1}(\begin{array}{ll}2n +l2n \end{array})B_{n}=n- \frac{1}{2}$,
$(2n +22)B_{1}-(2n +24)B_{2}+\cdots+(-1)^{n-1}(\begin{array}{ll}2n +22n \end{array})B_{n}=n$ ,
. ,
$B_{1}= \frac{1}{6}$ , $B_{2}= \frac{1}{30}$ , $B_{3}= \frac{1}{42}$ , $\cdot$ ..
.
$B_{N}=4N \int_{0}^{\infty}\frac{t^{2N-1}dt}{e^{2\pi t}-1}B_{N}=\frac{2N(2N-1)}{\pi}\int_{0}^{\infty}t^{2N-2}\log\frac{1}{1-e^{-2\pi t}}dt$
.














$\Gamma(x+1)=x\Gamma(x)$ , $\Gamma(1)=1$ ,






$\Gamma(z+1)=z\Gamma(z)$ , $\Gamma(1)=1$ ,
. , , , $z=0,$ $-1,$ $\cdots$ ,





Binet (1820 ) .
$\log\Gamma(z)$ $=$ $(z- \frac{1}{2})\log z-z+\frac{1}{2}\log 2\pi+\frac{1}{12z}-\frac{1}{360z^{3}}+\frac{1}{1260z^{5}}$
$+$ $\cdots+\frac{(-1)^{N-1}B_{N}}{2N(2N-1)z^{2N-1}}+E_{N}(z)$ ,
$|E_{N}(z)| \leq\frac{K_{z}B_{N+1}}{(2N+2)2N+1|z|^{2N+1}}$ ,
$(|z| arrow\infty, |\arg z|\leq\frac{1}{2}\pi-\epsilon, K_{z}\leq\csc 2\epsilon (0<\epsilon<\frac{1}{4}\pi))$










$J(z)= \log\Gamma(z)-\{(z-\frac{1}{2})\log z-z+\frac{1}{2}\log 2\pi\}$
, , Binet
$J(z)=2 \int_{0}^{\infty}\frac{\arctan\frac{t}{z}dt}{e^{2\pi t}-1}$ $(\Re z>0)$ ,
$J(z)= \frac{1}{\pi}\int_{0}^{\infty}\frac{z}{t^{2}+z^{2}}\log\frac{1}{1-e^{-2\pi t}}dt$ $(\Re z>0)$ ,
$J(z)= \int_{0}^{\infty}e^{-zt}(\frac{t}{2}-1+\frac{t}{e^{t}-1})\frac{dt}{t^{2}}$ $(\Re z>0)$ ,
$J(z)=- \int_{0}^{\infty}e^{-zt}(\frac{t}{2}+1-\frac{t}{1-e^{-t}})\frac{dt}{t^{2}}$ $(\Re z>0)$ ,
Whittaker&Watson (Binet 2 )
$E_{n}(z)= \frac{2(-1)^{n}}{z^{2n-1}}\int_{0}^{\infty}\{\int_{0}^{t}\frac{u^{2n}du}{u^{2}+z^{2}}\}\frac{dt}{e^{2\pi t}-1}$ ,
2 (Binet 1 )
Watson $q(t)$ $N$
$|q^{(k)}(t)|\leq Me^{\sigma t}$ $(k=0, 1, \cdots, N)$
$\int_{0}^{\infty}e^{-zt}q(t)dt=\sum_{k=0}^{N-1}\frac{q^{(k)}(0)}{z^{k+1}}+\frac{M}{|z|^{N}(\Re z-\sigma)}$







$| \frac{(-1)^{N-1}B_{N}}{2N(2N-1)}|\leq K((2N-2)!)^{1}(\frac{1}{2\pi})^{2N-2}$ ,
$|E_{N}(z)| \leq K(2N)!^{1}(\frac{1}{2\pi})^{2N}|z|^{-2N}$ ,







$J(z)= \log\Gamma(z)-\{(z-\frac{1}{2})\log z-z+\frac{1}{2}\log 2\pi\}$
$\circ$
1.3 Poincar\’e Gevrey .
$S$ $f(z)$ $arrow\infty$ $f(z)=$





$S$ $f(z)$ $|z|arrow\infty$ Gevrey $s=\sigma-1$
$\hat{f}(z)$
$|a_{k}|\leq C(k!)^{s}A^{k}$ $(k=0, 1, 2, \cdots)$


















$Ai(x)= \frac{1}{2\pi}\int_{-}^{+_{\infty}\infty}\exp i(xs+\frac{s^{3}}{3})ds$ ,
$Ai(x)= \frac{1}{2\pi i}\int_{-i\infty}^{+i\infty}\exp(xt-\frac{t^{3}}{3})dt$ ,
, , Airy , $x=0$
Taylor
$Ai(x)= \frac{1}{3^{2/3}}\Gamma(\frac{2}{3})[1+\frac{x^{3}}{2\cdot 3}+\frac{x^{6}}{2\cdot 3\cdot 5\cdot 6}+\frac{x^{9}}{2\cdot 3\cdots 5\cdot 6\cdot 8\cdot 9}+\cdots]$
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$- \frac{1}{3^{1/3}}\Gamma(\frac{1}{3})[1+\frac{x^{4}}{3\cdot 4}+\frac{x^{7}}{3\cdot 4\cdot 6\cdot 7}+\frac{x^{10}}{3\cdot 4\cdot 6\cdot 7\cdot 9\cdot 10}+\cdots]$ ,
, , ,





, $x<0$ , .
, .
1856 , Stokes Airy
. Airy . Airy
,
$\frac{d^{2}}{dz^{2}}u-- zu=0$,





, $n$ $\tilde{u}$ ,
$\frac{d^{2}}{dz^{2}}u- zu=g(z)$ , $g(z)=o((|z|^{\frac{3}{2}})^{-n})$ ,
, , $g$ ,
.
, Stokes . ,
, , z=0 . ,
, $z=0$
, , , $\arg z$ $0$ $\pi$
, , . $z=0$
, $\arg z$ $0$ $\pi$ ,
$z^{-\frac{1}{4}}arrow e^{-\frac{\pi 1}{4}}z^{-\frac{1}{4}}$ , $\cdot$ ..
, , $z=0$ , $\arg z=0$
, $\arg z=\pi$ , , $\arg z$ $0$ $\pi$
, , . ,
65
Stokes . , ,
. Stokes , 1857 3 19
.
“When the cat’s away the mice may play. You are the cat and I am the mouse. I
have been doing what I guess you won’t let me do when we are married, sitting
up 3 o’clock in the morning fighting hard againist a mathematical difficulty.
Some years ago, I attacked an integral of Airy’s, and after a severe trial reduced
it to a readily calculable form. But there was one difficulty about it which,
though I tried till I almost made myself ill, I could not get over, and at last
I had to give it up and profess myself unable to master it. I took it up again
a few days ago, and after a two or three days’ fight,the last of which I sat up
till 3, I at last mastered it. I don’t say you won’t let me work at such things,
but you will keep me to more regular hours. A little out of the way now and
then does not signify, but there should not be too much of it. It is not the mere
sitting up but the hard thinking combined with it...”
, , .
, ,
$Ai(z) \approx\frac{1}{2\pi}z^{-\frac{1}{4}}\exp(-\frac{2}{3}z^{\frac{3}{2}})\sum_{n=0}^{\infty}\frac{\Gamma(3n+\frac{1}{2})}{(2n)!}(\frac{i}{3z^{\frac{3}{4}}})^{2n}$ $(| \arg z|<\frac{\pi}{3})$ ,
$Ai(z) \approx\frac{1}{2\pi}z^{-\frac{1}{4}}\exp(-\frac{2}{3}z^{\frac{3}{2}})\sum_{n=0}^{\infty}\frac{\Gamma(3n+\frac{1}{2})}{(2n)!}(\frac{i}{3z^{\frac{3}{4}}})^{2n}$
$+ \frac{i}{2\pi}z^{-\frac{1}{4}}\exp(\frac{2}{3}z^{\frac{3}{2}})\sum_{n=0}^{\infty}\frac{\Gamma(3n+\frac{1}{2})}{(2n)!}(\frac{1}{3z^{\frac{3}{4}}})^{2n}$ $(| \arg z-\pi|<\frac{\pi}{3})$ ,
, ,
$Ai(-x) \approx\frac{1}{\pi}z^{-\frac{1}{4}}\sum_{n=0}^{\infty}\frac{\Gamma(3n+\frac{1}{2})\sin(\frac{2}{3}x^{\frac{3}{2}}+\frac{\pi}{4}-\frac{n\pi}{2})}{(2n)!}(\frac{i}{3x^{\frac{3}{4}}})^{2n}$ $(x>0)$
, $\arg z$ $0$ $\pi$ , $\arg z=\frac{2\pi}{3}$
. , $2\sqrt{\pi}3^{1/6}Ai(z)$ , $|z|=(72)^{\frac{1}{3}}$
$\arg z=\frac{\pi}{2}$ $P_{1}$ , $|z|=(72)^{\frac{1}{3}}$ $\arg z=\frac{5\pi}{6}$ , 2
.
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(Malgrange, Komatsu, Kashiwara) .
$Pu=( \sum_{i=0}^{m}a_{i}(x)(d/dx)^{i})u$
. $\mathcal{O}$ O . $\mathcal{K}$
Laurent $\hat{\mathcal{K}}$ Laurent . $\mathcal{E}$ Laurent
.
$M=\mathcal{O},\hat{\mathcal{O}},$ $\mathcal{K},\hat{\mathcal{K}},$ $\mathcal{E}$ , . $P$ $M$ $Ker(P;M)$ ,
$Coker(P;M)$ \chi (P; $M$) $=\dim_{C}Ker(P;M)-\dim_{C}Coker(P;M)$ .
.
$\chi(P;O)=m-v(a_{m}),$ $\chi(P;\hat{\mathcal{O}})=\sup\{i-v(a_{1}) : i=1, \ldots, m\}$ ,
$\chi(P;\mathcal{K})=m-v\cdot(a_{m})-\sup\{i-v(a_{i}) : i=1, \ldots, m\},$ $\chi(P;\hat{\mathcal{K}})=0$,
$\chi(P;\mathcal{E})=0$ .
$P$ $0$ $Irr(P)_{0}$ .
$\chi(P;\hat{O})-\chi(P;\mathcal{O}),$ $\chi(P;\hat{\mathcal{O}}/\mathcal{O})$ ,









$P$ $0$ $\sup\{i-v(a_{i}) :i+1, \ldots, m\}-\{m-v(a_{m})\}=0$
(Fuchs ) . .
$Irr(P)_{0}=0$ ,
( )
$Ker(P;\hat{\mathcal{O}})\simeq Ker(P;\mathcal{O}),$ $Coker(P;\hat{\mathcal{O}})\simeq Coker(P;\mathcal{O})$ ,
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( Laurent Laurent )
$Ker(P;\hat{\mathcal{K}})\simeq Ker(P;\mathcal{K}),$ $Coker(P;\hat{\mathcal{K}})\simeq Coker(P;\mathcal{K})$ ,
( Laurent Laurent Deligne)
$Ker(P;\mathcal{E})\simeq Ker(P;\mathcal{K}),$ $Coker(P;\mathcal{E})\simeq Coker(P;\mathcal{K})$ .
$\mathcal{D}_{0}$ $\mathcal{M}=\mathcal{D}_{0}/\mathcal{D}_{0}P$
$\mathcal{M}$
$0arrow \mathcal{M}arrow \mathcal{D}_{0}arrow^{P}\mathcal{D}_{0}arrow 0$
$\mathcal{H}om_{D_{\text{ }}}(\cdot,\mathcal{F}_{0})$ $\mathcal{F}$
$Sol(\mathcal{M}_{0},\mathcal{F}_{0})$ : $\mathcal{F}_{0}arrow^{P}\mathcal{F}_{0}arrow 0$
. .









$\mathcal{D}$ $M$ $\mathcal{M}$ holo-
nomic $\mathcal{D}$- $\mathcal{M}$
$0 arrow \mathcal{M}arrow \mathcal{D}^{m_{0}}\frac{JP_{O}}{\backslash }\mathcal{D}^{m_{1}}\frac{JP_{1}}{\backslash }D^{m_{2}}\frac{JP_{2}}{\backslash }$ ... $\frac{P_{2^{n-1}}}{\backslash }\mathcal{D}^{m_{2n}}arrow 0$
$\mathcal{H}om\prime o(\cdot,\mathcal{F})$ $\mathcal{F}$
$Sol(\mathcal{M},\mathcal{F})$ : $\mathcal{F}^{m_{0}}\frac{P_{O_{1}}^{t}}{\prime}\mathcal{F}^{m_{1}}\frac{Pi_{t}}{\prime}\cdotsarrow^{1}\mathcal{F}^{m_{2n}}P_{2^{\ell}n-}arrow 0$
. $p$ holonomic $\mathcal{D}$- $\mathcal{M}$ $\mathcal{F}$
$\chi(\mathcal{M};\mathcal{F})_{p}=\sum_{:=0}^{2n}\dim_{C}(-1)^{i}\mathcal{E}xt^{i}(\mathcal{M},\mathcal{F})_{p}$
68
. $p$ holonomic D- $\mathcal{M}$
$Irr(\mathcal{M})_{p}=\chi(\mathcal{M};\mathcal{O}_{M|H}\wedge))_{p}-\chi(\mathcal{M};\mathcal{O}_{M|H})_{p}$,
. $\mathcal{O}$ $M$ $H$ $\mathcal{M}$
$O_{M|H}$ $H$ $\mathcal{O}$ $\mathcal{O}_{M|H}\wedge$ O $H$
Zariski .
4 \Phi 2 holonomic $D$-
\Phi 2 holonomic $D$-
(
)
$M=P_{C}^{1}\cross P_{C}^{P1}$ , $H=\{(\infty, y);y\in P_{C}^{1}\}\cup\{(x, \infty);x\in P_{C}^{1}\}$ .
$\{(\infty, y);y\in P_{C^{1}}\}$ $U$
$\mathcal{O}_{\overline{M|H},s,A}(\infty,U)=\{\sum_{j\geq 0}f_{j}(y)x^{-j};\exists C>0,\forall n,s.t.\sup_{y\in U}|f_{n}(y)|<CA^{n}\{(n-1)!\}^{s-1}\}$
$\{(x, \infty);x\in P_{C^{1}}\}$ $V$
$\mathcal{O}_{\overline{M|H},s,A}(V,\infty)=\{\sum_{j\geq 0}f_{j}(x)y^{-j};\exists C’>0,\forall n,$ $s.t. \sup_{x\in V}|f_{n}(x)|<C’A^{n}\{(n-1)!\}^{s-1}\}$
.
$p\in H\backslash (\infty, \infty)$ ,
$p\in\{(\infty, y);y\in P_{C^{1}}\}$
$( \mathcal{O}_{\overline{M|H},s,A})_{p}=I_{p\in U\subset H}nd\lim \mathcal{O}_{\overline{M|H},s,A}(\infty, U)$
$p\in\{(x, \infty);x\in P_{C}^{1}\}$
$( \mathcal{O}_{\overline{M|H},s,A})_{p}=I_{p}n_{\in}d\lim_{V\subset H}\mathcal{O}_{\overline{M|H},s,A}(V, \infty)$
, .
$(\mathcal{O}_{\overline{M|H},s})_{p}$ $=$ $Ind\lim_{A>0}(\mathcal{O}_{\overline{M|H},s,A})_{p}$ ,
$(\mathcal{O}_{\overline{M|H},(s)})_{P}$ $=$ $Pr_{A}o|_{>0}\lim(\mathcal{O}_{\overline{M|H},s,A})_{p}$ ,
$(\mathcal{O}_{\overline{M|H},s,A-})_{p}$ $=$ $I_{0}n_{<}d\lim_{B<A}(\mathcal{O}_{\overline{M|H},s,B})_{p}$ ,
$(\mathcal{O}_{\overline{M|H},(s,A+)})_{p}$ $=$ $p_{ro_{\dot{1}_{A}^{\lim(\mathcal{O}_{\overline{M|H},s,B})_{p}}}}$ .
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\Phi 2 .






, b, bp’c 0 .
$\mathcal{M}_{2}$ \Phi 2 $\mathcal{D}$- ,
$\mathcal{M}_{2}=\mathcal{D}/(DL_{1}+\mathcal{D}L_{2})$
.
1. $M=P_{C^{1}}\cross P_{C^{1}}$ , $H=\{(\infty, y);y\in P_{C^{1}}\}\cup\{(x, \infty);x\in P_{C}^{1}\}$ . $p\in H\backslash (\infty, \infty)$
\Phi 2 $\mathcal{D}$ - $i$
.
(1) $1\leq s<2$



















$\dim_{C}Ext^{j}((\mathcal{M}_{2})_{p}, (\mathcal{O}_{\overline{M|H},(2,1+)})_{p})=0$, $(j=0,1,2)$ .
(iv) $\dim_{C}Ext^{j}((\mathcal{M}_{2})_{p}, (\mathcal{O}_{\overline{M|H},(2)})_{p})=\{\begin{array}{l}0,(j=0,2)1,(j=1)\end{array}$
.
$\dim_{C}Ext^{j}((\mathcal{M}_{2})_{p}, (\mathcal{O}_{\overline{M|H},2})_{p})=0$, $(j=0,1,2)$ .
(4) $\dim_{C}Ext^{j}((\mathcal{M}_{2})_{p}, (\mathcal{O}_{\overline{M|H}})_{p})=0$ , $(j=0,1,2)$ .
1. \Phi 2 $\mathcal{D}$ - .
(1) $1\leq s<2$


















$\mathcal{X}((\mathcal{M}_{2})_{p}, (\mathcal{O}_{\overline{M|H},\langle 2,1+)})_{p})=0$ .
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